Abstract. Let q be a prime power and a be a positive integer such that a 2. Assume that there is a Steiner 3-(a + 1; q + 1; 1) design. For every v satisfying certain arithmetic conditions we can construct a Steiner 3-(va d +1; q+1; 1) design for every d su ciently large. In the case of block size 6, when q = 5, this theorem yields new in nite families of Steiner 3-designs: if v is a given positive integer satisfying the necessary arithmetic conditions, for every non-negative integer m there exists a Steiner 3-(v(4 5 m + 1) d + 1); 6; 1) for su ciently large d.
Introduction
A t-(v; k; ) design is a pair (X; A) where X is a set of v elements (called points) and A is a family of subset of X each of size k (called blocks) such that each t-element subset of points of X is contained in exactly blocks.
A t-(v; k; ) design is also denoted by S (t; k; v). If = 1, a t-(v; k; 1) design is called a Steiner t-design (or Steiner system) and denoted by S(t; k; v). If a t-(v; k; ) design exists, then the parameters t, v, k, satisfy the arithmetic conditions u ? i t ? i 0 mod k ? i t ? i for i = 0; 1 : : : t ? 1:
The problem of nding all parameters (t; v; k; ) for which t-(v; k; ) designs exists is a long standing unsolved problem especially with = 1 (Steiner systems). There are many known Steiner 2-designs, but constructing Steiner t-designs for t > 2 is much harder.
Wilson proved for t = 2, xed k and su ciently large v satisfying the necessary arithmetic conditions 2-designs exist 23], 24] and 25]. There is no similar existence result yet for t-(v; k; ) designs, when t > 2. In the t = 3 case, Hanani 15] has shown that there is a 3-(v; 4; 1) design (Steiner quadruple system) if and only if the necessary arithmetic conditions are satis ed. Several in nite families of Steiner 3-designs are constructed (see 11] pg 67). Only nitely many Steiner t-designs are known for t = 4 and t = 5 and no Steiner t-designs are known for t 6 when v > k.
In this paper we construct new in nite families of Steiner 3-designs given as follows: let q be a prime power and a a positive integer. Assume that there is a Steiner 3-(a + 1; q + 1; 1) design, where a 2. We can de ne the residual design D x of D at x as the subfamily of blocks not containing x and the set of points of D except x. Thus, D x = (X 0 ; A 0 ) where X 0 = X n fxg and A 0 = (A i ji 2 I; x = 2 A i ). It is not hard to see that, D x is an S 0 (t ? 1; k; v ? 1) , where 0 = v?k k?t+1 . We need to de ne the concept of \copies of a design". First we give an alternative equivalent de nition for t-designs. Let X be a nite set and let P k (X) denote the set of k-subsets of the set X. For any set of positive integers K let P K (X) = S k2K (P k (X)). N 0 will denote the set of non-negative integers.
De nition 2.1. Let X be a set of v points, let K be a set of positive integers and let A be a mapping, A : P K (X) ?! N 0 .Then (X; A) is called a t-(v; K; ) design, written S (t; K; v), if for every t-set T 2 P t (X) there is an S (3; 
Candelabra t-Systems
The following de nition of candelabra systems is a generalization of candelabra quadruple systems described in the paper of Hartman and Phelps (see 12] pg. 208).
De nition 4.1. Let v be a non-negative integer, let and t be positive integers and let K be a set of positive integers. A candelabra t-system (or t-CS ) of order v, index and block sizes from K is a quadruple (X; S; ?; A) that satis es the following properties:
1. X is a set of v elements (called points). 2. S is a subset of X of size s (called the stem of the candelabra).
3. ? = fG 1 ; G 2 ; : : : g is a set of non-empty subsets of X n S, which partition X n S (called groups or branches). 4. A is a family of subsets of X, each of cardinality from K (called blocks).
Every t-subset T X with j T \(S G i ) j< t for all i, is contained
in blocks and no t-subsets of S G i for all i, are contained in any block. 4 Candelabra systems were rst introduced by Hanani 17] , who used di erent terminology. He investigated uniform candelabra systems in the t = 3 and k = 4 case. In his paper he used the notation P g 4; 1; ng+ s] to denote a uniform 3-CS of group type (g n : s) with block size 4. Mills 19 ] also discusses uniform candelabra systems with t = 3, k = 4 and s = 0, calling them G-designs. The t = 3 and = 1 case of De nition 4.1 is equivalent to the s-fan designs de ned by Hartman 18] .
By the group type of a t-CS (X; S; ?; A) we mean the lists (jGj jG 2 ? : jSj) of group sizes and stem size. The stem size is separated from the group sizes by a colon. (The second list has only one element |S|) If a t-CS has n i groups of size g i , 1 i r and stem size s, then we use the notation (g n 1 1 g n 2 2 ; : : : ; g nr r : s) to denote the group type. A candelabra system will be called uniform if and only if all groups have the same size. Figure 1 shows a candelabra t-system for the t = 3 and = 1 case. The dots represent all the three di erent types of 3-sets satisfying property 5 of the de nition. We indicated three di erent types of blocks. If t = 1, the family A of blocks must be the empty family. Thus, if Y i , i 2 I, and S are mutually disjoint sets, then ( P i2I Y i S; S; fY i : i 2 Ig; ;) is a 1-CS. In the t = 2 case, if the family A of blocks is not the empty family, the set S (stem) can be neglected since no blocks of the candelabra system can intersect the stem and (X n S; ?; A) is a 2-GDD. Thus, the candelabra system is a possible generalization of the group divisible design for t > 2.
In the statements of the following theorems we will assume = 1. 5. Block Spreading Construction The concept of partial design was introduced by Blanchard 6] . For any positive integer n, let I n = f1; 2 : : : ng and for t n, let P t (I n ) denote the set of t-subsets of I n .
De nition 5.1. Let D be a family of k-sets from the set I u and let T be a subset of P t (I u ). We say D is a partial design, written P (t; k; u), covering T if and only if the following holds: In other words, X T denotes the set of t-sets of I u Q n i=1 I q i , whose projection onto the rst coordinate is a t-set in in T . Theorem 5.2. Let u and t be positive integers, 2 t u, and let T P t (I u ). Then there is an integer q 0 = q 0 (t; u) such that for any partial design P (t; k; u) on the point set I u covering T with prime power decomposition = q 1 q 2 : : : q n satisfying q i q 0 , i 2 I n , there exists a partial design P(t; k; u d ) on the point set X = I u Q n i=1 I q d i that covers X T for all d jT j.
A Construction for Steiner 3-Designs
The following theorem is a generalization of Blanchard's construction for Steiner 3-designs 2]. Theorem 6.1. Let k and a be positive integers, k 2, a 2. Assume that there exist a Steiner system S(3; k + 1; a + 1), a TD(3; k + 1; a) and a 3-CS of group type (a k : 1) with block size k+1. For (1) and (2) Proof. We use Theorem 7.6 with q = 5 and a = 4 5 m + 1. 2
